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The aim of the present paper is to establish some new integral inequalities of 
Opial type involving functions of two independent variables. Our results in the 
special cases yield better constants than the constants involved in Opial-type 
inequalities recently established by Yang in two independent variables. 1 IYX- 
Academtc Press. Inc 
1. INTRODUCTION 
In 1960, Opial [2] proved a very interesting inequality which has 
received considerable attention since its appearance. A detailed survey on 
Opial’s inequality and its subsequent generalizations and extensions upto 
1970 is given in the book of Mitrinovic [l, pp. 154-1621. In 1982 Yang 
[4] proved the following analogue of Opial’s inequality in two independent 
variables. 
[ff(s, t), f,(s, r) and ,f,2(s, t) are continuous ,funcrions on [u. h] x [c, d] 
und iff(u, r) =f(h, I) =f,(s, c) =S,(s, d) = 0 ji/r u $ .s <h. c < / < d, thus 
whew ,f, (s f ) = ( ?/c?.T) f(.~, t), ,flz(s, t) = (?“,/?.s ?t ) ,f(,r. r). 
In a recent paper [3], the present author has established some new 
integral inequalities of the Opial type in two independent variables in a 
very general setting which in turn contains as special cases the inequality 
established by Yang in (1). The purpose of this paper is to obtain 
generalizations of (1) by using the elementary method used in [4] with 
suitable modifications. An interesting feature of the inequalities established 
in this paper is that the constants appearing in them are better than the 
constants obtained by Yang [4] in the special forms of these inequalities. 
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2. STATEMENT OF RESULTS 
In this section we state our results to be proved in this paper. 
Throughout we assume that all functions involved in our discussion are 
real-valued and use the notations D,f(s, t) = (a/~%) f(s, t), DJ(s, t) = 
(a/at)f(s, t), D,D,f(s, t) = (a’/at as) f(s, t) and m, n denote real numbers, 
THEOREM 1. Suppose p, q are positive and continuous on A, = [a, X] x 
Cc, Yl. Letf, D,.L DZDlf b e continuous on A, with f(a, t) = D,f(s, c) = 0 
for a<s<X, c<t< Y. Then tfm, n>O, m+n> 1, we have 
x Y 
SI P If-l” lD,D,fl” dt ds (I C’ 
<K,(K Km, n) f* jy q ID2Dlflm+ndtds, (2) 
where 
K,(*, Y,m,n~=~~~'~+.~.l.I;;(~+~)/mq-fl/~ 
s I 
X 
i, l 
q-'/'"+"-"dvdu 
0 c 
i"+"-' dtdsr/~m+n~, (3) 
is finite. In case m < 0, m + n > 1, (2) holds with < replaced by 3. 
THEOREM 2. Suppose p, q are positive and continuous on A, = [a, X] x 
[Y,d]. Letf, D,S, D,D,fbecontinuousonA, withf(a,t)=D,f(s,d)=O 
for a<.s<X, Y<t<d. Then tfm, n>O, m+n>l, we have 
x d 
1.i P If-l” IDzD,fln dt ds u Y 
where 
D,D,f I no+* dt ds, (4) 
n+n)/m 
9 
-n/m 
)m+n-l ) m/(m+n) s d 
X 
1s J 
q-'/'"+"-"dvdu 
1 
dt ds , 
j 
(5) 
0 I 
is finite. In case m -C 0, m + n > 1, (4) holds with d replaced bv 3. 
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THEOREM 3. Suppose p, q are positive and continuous on A, = [X, h] x 
Cc, Yl. Letf, D,.L &Dlf h e continuous on A, withf(b, t) = D,f(s, c) = 0 
for X<s<b, c< t< Y. Then ifm, n>O, m+n> I, we have 
[;j’pl/” (D,D,f(“dtds<K,(X, Y,m,n)j~l’lq/D,D,,fl”+“drd.s. 
< 
(6) 
where 
is finite. In case m < 0, m + n > 1, (6) holds with 6 replaced by 3. 
THEOREM 4. Suppose p, q are positive and continuous on A, = [X, h] x 
CY, 4. Letf, D,f, D,D,f b e continuous on A, with f(b, t) = D,f(s, d) = 0 
for Xbs<b, Y<t<d. Then if m, n>O, m+n>l, we have 
where 
is finite. In case m < 0, m + n > 1, (8) holds with < replaced by 3. 
Before giving the statement of Theorem 5, we state the following lemma 
which we believe is of independent interest. 
LEMMA. There exist X,, E (a, b), and Y, , Y, E (c, d) such that 
Kl(X0, YI, m, n) = KAX,, Yl, m, n) = K,(X,, Y,, m, n) = K,(X,, Yz, m, n), 
!lO) 
where K, , K,, K3, K4 are defined by (3), (5), (7), (9), respective1.p. 
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THEOREM 5. Suppose p, q are positive and continuous on A = [a, b] x 
Cc, 4. Let f, Dlf, &Dlf b e continuous on A with f(a, t)=f(b, t) = 
D,fb, c)=D,f@, d)=Of or a<s<b, c<t<d. Then tfm, n>O, m+n> 1, 
we have 
jbjdpIfI”‘lDZDIflndtds~K(m,n)jbjdq~D,D,fl’”+”dtds, (11) (I < a < 
where K(m, n) denotes any common value of the four constants given in (10). 
In case m<O, m+n> 1, (11) holds with < replaced by 2. 
Remark 1. We note that by setting p(s, t)=q(s, t) = 1 in (3), (5), (7), 
(9), it is easy to observe that (X0, YO) = ((a + b)/2, (c+ d)/2)E A is the 
solution of (10) and the inequality (11) for m, n > 0, m + n > 1, reduces to 
b d 
hi If Im I&D,fl”dtds a < 
6K 
a+b c+d 
2,7j-,m,n (12) 
where 
a+b c+d T,T,m,* 
It is interesting to note that in the special case when m = 1, n = 1, the 
inequality (12) reduces to 
b d ss If 1 lDZDlfj dtds,(b-a)(d-c) j” jdID1DJ12dtds. (14) LI < sJ5 UC 
Clearly, the constant obtained in (14) is better than the constant obtained 
by Yang in inequality (1) and hence the inequality (14) is an improvement 
over the inequality established by Yang in [4, Theorem 51. 
3. PROOFS OF THEOREMS l-4 
In order to prove Theorem 1 we consider the following two cases. 
Case I. Let (s, t) E A, and suppose that m > 0, n > 0, and m + n > 1. By 
hypotheses, we observe that the following identity holds 
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From (15) and using the H6lder’s inequality twice with indices (m + n)i 
(WI + n - 1) and m + n we observe that 
From (16) we have 
’ X 
i, J 
’ q(u, u) ID,D,f(u, u)l”‘+” dtl du 
<I <’ i 
,?I, (771 + ,1 )
Define 
z(s, t) = 5’ 1’ q(u, u)ID2D,f(u, u)l”‘+” du du, 
0 C’ 
(s, t) E A, 
Then 
Dzz(s, t) = r” q(u, t)l&D,f‘(u, t)jm+” du. 
N 
(16) 
(17) 
(18) 
(19) 
From this we observe that for each fixed s, z(s, t) is nondecreasing for f on 
[c, Y]. From (17), (18), (19) and the fact that z(s, t) is nondecreasing for I 
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on [c, Y] and using the Hiilder’s inequality twice with indices (m-t n)/m 
and (m + n)/n we obtain 
x Y 
< JJ p(s, t) q-n’(m+“)(S, t) a c 
s f 
iJ J 
m((m f”- lMm+n)) 
X 4 -l/(m+n-l)(~, u) du du 
a t 
x qnl(m+n)(s, t) Zml(m+n) (s, t)l&~,f(~, t)l” dt ds 
x Y 
,< 1 ii P (m+“)‘ys, t) q-+ys, t) CI ‘ 
s I 
X iJ J 4 l/h++l)(U, u) d 
* 
d 
cl < 
ur+n-’ d~r/h+nl 
X iI ’ q(s, t) z”‘“(s, t)l&DJ(s, t)lm+* dt I 
Mm +n) 
ds 
c x Y < iJ P (m+n)‘*(S, t) q-“‘“(s, t) ” ‘ s f 
X {J 4 -l/(m+np I)@, v) d 
v 
d 
u < 
ur+‘-’ dt dsr/im+n) 
x iJ 
Mm+ fl) 
X ‘q(s, t) z”+‘(.s, t)lD,D,f(s, t)lm+n dt ds 
u c 
x Y 
< 1, 1 p’” + “)‘ys, t) q -“‘“(s, t) LI ‘ 
s I 
X 
if f 
4- l/(m+n- l)(u, u) d 
u 
d 
u ‘ 
$- 1 dt ds),,m+.) 
W(m+n) 
X z”+(s, Y)J’q(s, t)ll&D,f(s, r)l”“‘mds) 
f 
x = 
i, J y (m+n)lm P (s, t) q-“‘“(& t) a c 
s , 
0 1 
m/cm +n) 
X 4 --‘(m+n--)(~, u) du du dt ds 
a E 
X z’+(s, Y) D,z(s, Y) ds 
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= K,(X Y, m, n) 4X, Y) 
= K,(X, Y, m, n) ix j ’ q(s, t))D,D,f(s, t))m+n dt ds. 
0 ‘ 
This completes the proof of inequality (2). 
Case II. Let (s, t)~di and m-e0 and m+n> 1. From (16) we have 
,f(& t),“> s 
1, j 
‘q~~/(m+n-l,(U,u)dvdu m(‘m+n--“~‘m+n)’ 
0 < I 
X 
i, j 
s ’ q(u, u)lD,D,f(u, U)lm+” du du 
L1 ‘ I 
m/(m +4 
(20) 
Now from (20), (18), (19) and the facts that m < 0 and z(s, t) is non- 
decreasing for t on [c, Y] and using the Holder’s inequality twice with 
indices (m + n)/m and (m + n)/n (note that the latter lies between 0 and 1) 
we see that as in the proof of Case I, in (2) the inequality 2 holds. This 
completes the proof of Theorem 1. 
The proofs of Theorems 2-4 largely repeat the arguments used in the 
proof of Theorem 1. But there are some essential differences in them which 
are connected with the representation of the functionf(s, t) as in (15) and 
the necessary changes in the definition of the function z(s, t) as in (18). In 
order to indicate this, we shall give a short sketch of the proofs of 
Theorems 24. From hypotheses in Theorems 2-4, we observe that the 
following identities hold 
f(s, t) = - j’ jd D,D,S(u, u) du du, (s, tIEA*, 
I 
f(sJ)=-;jl DzD,.f(u, u) du du, (s, t)cd3, 
s < 
m, t)= jb j” D,Df(u, u) du du, (s, l)Edzl. 
s , 
Define 
z(s, t) = j’ j” q(u, u)(D,D,f(u, u)I~+~ do du, b, tIEA*, 
a f 
z(s, t)=~b~‘q(u,u)~D2D,f(u,u)~“+“dudu, (& t)Ed3, 
J ‘ 
z(s, t) = j” id q(u, u))D,D,f(u, u)]“‘+~ du du, (s, f)Ed4. 
7 , 
(21) 
(22 1 
(23) 
(24) 
(25) 
(26) 
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From (24)-(26) we have 
D,zb, t)= jks, u)lD,D,f(s, u)lm+ndu, , 
(27) 
mb, f) = - js q(u, ~)l&Dlf(U, t)lm+n du, 
a 
D,z(s, 1)’ -pl(s, u)ID,D,f(s, u)lmfndu, 
< 
D,z(s, f) = jb 4(% ~)l&!~,f(u, t)lm+n 4 
s 
(28) 
D,z(s, 1) = - jk, u)ID,D,f(s, u)lm+n du, , 
(29) 
&z(s, t) = - j” q(u, t)lD,D,f(u, t)l”+” du, 
s 
for (s, t)~d~, 0, t)eA3, (s, ~)EA~, respectively. From (27)( 29) we 
observe that for each fixed s, z(s, t) is (i) nonincreasing for I on [Y, d], 
(ii) nondecreasing for t on [c, Y], (iii) nonincreasing for t on [ Y, d], 
respectively. Now by following the proof of Theorem 1 with suitable 
modifications we obtain the desired inequalities in Theorems 2-4. 
4. PROOF OF LEMMA AND THEOREM 5 
In order to prove the lemma, we determine, for each X with a < X< b, 
the unique solution Y = Y,(X) with c < Y,(X) <d of the equation 
G,(Y)= j” j’g,(s, t)dtds- jx jdg2(s. t)dtds=O (c< YGd). (30) 
a r 0 Y 
Also, for each XE [a, b), we determine the unique solution Y= Y2(X) with 
c < Y,(X) < d of the equation 
G2( Y) = j” j ’ g,(s, t) dr ds - j; j;g,(s, t) dt ds = 0 (c< YGd). (31) 
x < 
Here g, , g,, g,, g, are the four integrands appearing in the integrals defin- 
ing K, , K2, K3, K4 over the corresponding rectangles A,, A,, A,, A,, 
respectively. 
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First, if a<X66, Gi is continuous on [c,d] with G,(c)<O, G,(d)>O, 
so by the Intermediate Value Theorem, G,( Y) = 0 for some YE (c, d). Also 
G’,( Y) > 0, so the solution Y = Y,(X) is unique. Similarly we obtain a 
unique Y = Y,(X) E (c, d) for each XE [a, h), satisfying G2( Y,(X)) = 0. 
Next, consider the equation 
I.(X)=joxj<~‘ix)g,(s, t) dt ds-j;~Y2’*‘ga(~, t) dt ds=O, 
for a < X < h. To obtain a solution of F(X) = 0, we need to show that 
Y,(X) is continuous on (a, b] and that Y,(X) is continuous on [u, h). For 
the first of these we can apply the Implicit Function Theorem to the 
function 
H(X, Y) = jx j ’ g,(s, t) dt ds - s\ j”g2(.y, t) dt d.y, 
0 < u >’ 
for a<X<h, cc Y<d. We have H, H,=S~g,(X,t)dt-Sj,~~(x, t)dt. 
and Hy=G’,( Y) all continuous on (u, h] x [c, d], with H, = 
lz g,(s, Y) ds + jf g,(s, Y) ds > 0 there. Hence the unique solution function 
Y = Y,(X) of the equation H(X, Y) = 0 is not only continuous but is con- 
tinuously differentiable on (a, b]. By a similar argument we see that Yz( X) 
is continuously differentiable on [a, 6). 
NOW, for the equation F(X) = 0, first note that Y,(X) is not well defined 
for X= a and Y,(X) is not well defined for X= h. However, 
so 
It follows from this, and the continuity of Y2 at LI, that 
b Yz(u) 
lim F(X) = 0 - 
X-O+ H g,(s, t) dt ds < 0. <I c 
Similarly we obtain 
,!‘$ F(X) = jub [y”b’g,(.‘., t) dt d.s> 0. 
(31) 
(33) 
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By the continuity of Y,, Y, on (a, b), F is also continuous on (a, b). Hence 
by (32), (33) and the Intermediate Value Theorem, the equation F(X) = 0 
has at least one solution X= XOe (a, b). With any such X0, we then have 
X0 f I Yl(XO) x0 dg,(s, t) dt ds = 0 ‘ I s (I y (xo) gds, t) dt & 1 
b 
= 
II 
Yz(Xo) 
g,(s, t) dt ds 
x0 < 
b J 
= 
ss 
xo y2(xo) g,(s, t) dt ds, 
and consequently the conclusion of the lemma holds. This completes the 
proof. 
In order to prove Theorem 5 we consider the following two cases, 
CaseI. Let (s, t)ed and suppose that m>O, n>O and m+n> 1. The 
left-side integral involved in the inequality (11) can be written in the form 
fl” jy2~Iflm IW,fl”dtds+jb jd plfl” ID,D,fl”dtds, 
x0 ‘ x0 y2 
(34) 
where X0, Y,, Y, are any numbers satisfying (10) of the Lemma. Now 
applying Theorems l-4 to the four integrals on the right side in (34) we 
obtain the desired inequality in (11). 
Case II. Let (s, t) E d and suppose that m < 0 and m + n > 1. We obtain 
the desired conclusion by applying Theorems 14 in the case m < 0 and 
m + n > 1, to the four integrals on the right side in (34). This completes the 
proof of Theorem 5. 
Remark 2. We note that, by combining Theorems 1 and 2 with 
f(u, t) = D,f(s, c) = Drf(s, d) = 0 for a < s G b, c < t 6 d and Theorems 3 
and 4 with f(b, t)=D,f(s,c)=Dlf(s,d)=O for u<s<b, c<t<d, we 
have for m, n > 0, m + n > 1, the following inequalities 
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and 
respectively. Here Mw n) = K,(b, Y,, m, n) = &(b, Y,, m, n) for 
Y,~(c,d) and K,*(m,n)=K,(a, Y,,m,n)=K,(a, Y,,m,n) for Y2~(~,d). 
In case m < 0, m + n > 1, (35) and (36) hold with < replaced by 3. 
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